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Abstract
In this paper, we study irregular singular solution to Hitchin’s equation
and use it to describe four dimensional N = 2 asymptotically free gauge
theories. For SU(2) A type quiver, two kinds of irregular singularities
besides one regular singularity are needed for the solution of Hitchin’s
equation; We then classify irregular singularities needed for the general
SU(N) A type quiver.
1 Introduction
Recently, there are a lot of exciting progress about four dimensional N = 2 field
theories. Initially, Argyres and Seiberg [1] found a remarkable duality for N = 2
SU(3) gauge theory with six fundamental hypermultiplets in the infinite coupling
limit: In the dual description, a weakly coupled SU(2) gauge group appears and the
mysterious strongly coupled E6 Superconformal [2] field theory also appears. This
kind of duality is later generalized by Gaiotto to a large class ofN = 2 superconformal
field theories [3]. The crucial idea of Gaiotto is to engineer four dimensional N = 2
theories from six dimensional AN (0, 2) theory [4] and compactify six dimensional
theory on a Riemann surface. To describe conventional N = 2 gauge theories, the
defects need to be turned on several marked points on Riemann surface, the four
dimensional gauge theories and the Seiberg-Witted curve are determined entirely by
the punctured Riemann surface and the information encoded in the defects. The
Argyres-Seiberg duality is interpreted as the different degeneration limits of this
punctured Riemann surface. Since Riemann surface with punctures is the natural
arena for two dimensional conformal field theory, one may wonder if there is any
connection between four dimensional gauge theory and two dimensional conformal
field theory. AGT [5] found a surprising isomorphism between the Nekrasov partition
[6] function of the gauge theory with conformal block of the Liouville theory in the
SU(2) case.
Since there is no lagrangian description for the six dimensional theory, it is hard
to get some concrete information from this construction. However, it seems that
Hitchin’s equation [7,8] plays a central role in all of these developments. In paper [9],
we argue that Hitchin’s equation is the BPS equation when six dimensional theory
is compactified on Riemann surface. In the case of Superconformal field theories
(SCFT), the solution of Hitchin’s equation have to allow regular singularity (the
fields have only simple pole) at the punctures. The moduli space M of the solution
to Hitchin’s equation has a lot of important implications. The moduli space is a
hyperkahler manifold and has a lot of complex structures parameterized by a sphere.
In one distinguished complex structure, every point on the moduli space describes a
Higgs bundle on Riemann surface; In this complex structure, the moduli space can
be written as Hithcin’s fibration which can be identified with the Seiberg-Witten
fibration of four dimensional gauge theory [10,11]. When four dimensional theory is
compactified on a circle S with radius R down to three dimensions, the moduli space
is the Coulomb branch target space of low energy effective theory of 3d theory [12].
The hyperkahler metric of the moduli space plays an crucial role in proving the wall
crossing formula [13,14]. When three dimensional theory is compactified on another
circle S
′
to two dimension, Hitchin’s moduli space becomes the target space of the
two dimensional sigma model.
Hitchin’s system is a complete integrable system. It is known long time ago
that Seiberg-Witten solution is related to integrable system [15–17]. It is shown for
N = 2 superconformal theory with adjoint matter, the Seiberg-Witten solution is
related to Hitchin’s equation defined on a torus with one simple singularity [18]. In
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general, Seiberg-Witten solution is related to integrable systems appearing in other
context of physics; Some of those integrable systems are also identified with Hitchin’s
integrable systems [19]. Recently, there is another surprising relation about gauge
theory and the quantization of integrable system associated with Seiberg-Witten
solution [20–22]. Basically, if four dimensional N = 2 theory is compactified on Ω
background to two dimensions, the effective two dimensional twisted superpotential
is argued to be the same as the Yang-Yang function of the integrable system which
is the key for the quantization of integrable system.
The intriguing relations of N = 2 gauge theories with the two dimensional con-
formal field theories and quantization of integrable system are explained elegantly
by Nekrasov and Witten [23] by compactifying four dimensional theory on different
Ω backgrounds to two dimensions and then use the branes to study quantization
of subspace of Hitchin’s moduli space. Hitchin’s moduli space plays an important
role here: it is the integrable system associated with four dimensional gauge theory;
it is the target space of the two dimensional sigma model, its submanifold can be
identified with the Teichmullar space whose quantization gives Liouville theory.
Hitchin’s equation also plays a central role in recent developments of physical
approach to Geometric Langlands Program [24–28]. We think that problem is closed
related to four dimensional N = 2 gauge theory. One hint is coming from six
dimensional construction. We first compactify six dimensional theory on a Riemann
surface with or without defects insertion to four dimension and then compactify on
a two torus down to two dimensions, the final theory is a two dimensional sigma
model whose target is Hitchin’s moduli space. On the other hand, if 6d theory is
first compactified on a two torus, we get a four dimensional N = 4 theory, we then
compactify on Riemann surface with or without punctures, the final theory is also
two dimensional sigma model with Hitchin’s moduli space as target. The punctures
are described physically by surface operators in Geometricl Langlands Program. It
seems that the defects in N = 2 context are just the surface operators in N = 4
context, this is confirmed for the tamed ramification case [9].
In this work, we will write down the Hitchin’s system description for the gen-
eral asymptotical free A type quiver, (see early discussion in [29, 30] and more re-
cently [14]of mapping the Seiberg-Witten curve to Hitchin’s system). We start di-
rectly from Hitchin’s equation and show that we must have irregular singularity for
the solution to account for all the UV parameters for the gauge theories. There
are several motivations to find the explicit form for the singularity to the Hitchin’s
equation. The first motivation is to classify the singularity types needed to describe
the conventional A type quiver and use these singularities to construct new theories,
this is the first step of classifying four dimensional N = 2 theories. The second
motivation is to determine the exact information encoded in the singularity, this
information is important to extract what kind of states can be put on the puncture
in two dimensional conformal field theory (see the SCFT case in [31]). The third
motivation is to attach an Hitchin’s integrable system to every N = 2 gauge theory,
the quantization of the integrable system can be derived by studying gauge theory
with Ω deformation; We will show that some of the conventional integrable systems
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are related to Hitchin’s system. The fourth motivation is to study three dimensional
theory, since Hitchin’s moduli space is the Coulomb branch of three dimensional the-
ory, knowing the explicit form of moduli space will help us understand property of
three dimensional theories, for instance, we may discover new mirror pairs [32–35],
etc.
For the SCFT, only regular singularities are required (for canonical represen-
tation). For the non-conformal case, the irregular singularity is needed. Irregular
singularity is studied by Witten [26] in the context of wild ramification of Geometric
Langlands Program. The form of irregular singularity needed for N = 2 gauge the-
ory is not the standard form studied in the context of Geometric Langlands Program
(Our case is discussed briefly by Witten [26]). Generically, there is cut around the
irregular singular point. In the SU(2) case, we show that for general SU(2) A type
quiver, there are three kinds of singularities for the Higgs field: simple singularity,
order two singularity with leading order coefficient semi-simple and order two singu-
larity with leading order coefficient nilpotent. For the SU(N) case, the form of the
irregular singularity is determined by the rank of the gauge groups and the number
of fundamentals on each quiver node.
This paper is organized as follows: In section 2, we review the Hitchin system
for superconformal case and the regular singular solution is discussed; In section
3, the irregular solutions to Hithcin’s equation are introduced; In section 4, the
singularity types needed to describe A type SU(2) quiver gauge theory are written
down; In section 5, we generalize to SU(N) case. Finally, we give the conclusion
and discuss some future directions. In appendix I, a detailed calculation about the
local dimension of Hitchin’s moduli space around an irregular singularity and several
simple regular singularities is given and we show that it matches the dimension
needed for the gauge theory.
2 Review of Hitchin’s Equation and N = 2 Super-
conformal Field Theories
A large class of four dimensional N = 2 superconformal gauge theories can be engi-
neered as the six dimensional (0, 2) AN−1 SCFT compactified on a Riemann surface
with or without marked points. In the case of marked points, defects are turned on
on those marked points. Hitchin’s equation is argued to be the BPS equation for
the compactification. This may be seen by further compactifying four dimensional
theory on a two dimensional torus, the final theory is a two dimensional sigma model
with certain target space. To identify the target space, the compactification can be
done in another order: six dimensional theory is first compactified on a torus and
then on a Riemann surface with or without marked points. In the first step of com-
pactification, we get a four dimensional N = 4 SU(N) theory; In the second step
of compactification, we need to twist the theory to preserve some unbroken super-
symmetry on curved space time. There are three different kinds of twists for N = 4
theory, it turns out what is relevant for us is the so called Geometric Langlands (GL)
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twist [24], and after this twist, the BPS equation on Riemann surface is the Hitchin’s
equation and surface operators is inserted on marked points [25, 27]. The moduli
space of solutions to Hitchin’s equation is the target space for the two dimensional
sigma model. Comparing with two types of compactification, we may conclude that
the BPS equation governing the six dimensional theory on Riemann surface is the
Hitchin’s equation, and the description of the defects of the six dimensional theory
is the same as the description of surface operator in four dimensional gauge theory.
This can also be seen by noting that in twisting the six dimensional theory, we get
a one form gauge field and a one form scalar field on Riemann surface, the same set
of fields appear in GL twist of N = 4 theory on a curved Riemann surface.
Hitchin’s equation is studied extensively in [24]. Hitchin’s equation with regular
singularity on Riemann surface Σ is also studied by [25,27] (called tamed ramification
in Geometric Langlands Program). We review regular singularities in this section
and leave the irregular singularity to next section.
Let’s pick SU(N) gauge group and write g for its lie algebra, t the lie algebra of
the maximal torus T . Hitchin’s equation is
F − φ ∧ φ = 0
Dφ = D ∗ φ = 0, (1)
where F is the curvature of the connection Aµ of a vector bundle defined on Riemann
surface Σ, φ is the one form called Higgs field. The local behavior of conformal
invariant solution to Hitchin’s equation with regular singularity is (we consider one
singularity here, multiple singularities can be studied similarly)
A = αdθ + ...
φ = β
dr
r
− γdθ + ... (2)
where α, β, γ ∈ t (more precisely, α takes value in maximal torus T ) and less singular
terms are not written explicitly; z = reiθ is the local holomorphic coordinate. The
moduli space of Hitchin’s equation with the above behavior around the singularity is
denoted asMH(Σ, α, β, γ). MH(Σ, α, β, γ) is a hyperkahler manifold and has a family
of complex structures parameterized by CP 1. These complex structures generically
depend on the complex structure of the Riemann surface with some exception which
will be important to us later. In one distinguished complex structure I, each point on
moduli space represents a Higgs bundle on Riemann surface; the complex structure
modulus is β+ iγ, and the kahler modulus is α. In the same complex structure, there
is Hitchin’s fibration which can be identified as the Seiberg-Witten fibration. In the
study of Seiberg-Witten curve of four dimensional theory, only complex structure
of the moduli space matters. since the residue of the Higgs field is σ = 1
2
(β + iγ)
which determines the complex structure of the moduli space, we will focus on the
coefficient of Higgs field.
Assume α is regular with a Levi subgroup L, then the residue of Higgs field is
taking value in the lie algebra of the parabolic group determined by α modulo an
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element of the lie algebra n of the unipotent radical of the parabolic group. The
massless theory corresponds to β, γ → 0, in this case, the above solution is not
trivial, less singular terms can be added, and one can show that the Higgs field has a
simple pole with residue in n. Interestingly, the nilpotent element of slN is classified
by Yang tableaux with total boxes N, so we can label the singularity by the Yang
tableaux, this is in agreement with the result by studying Seiberg-Witten curve of
N = 2 SCFT [3]. One can also show that Hitchin’s fibration is the same as the
Seiberg-Witten fibration [9]. The massive theory is derived by deforming to nonzero
β, γ regular with L, the form of β+ iγ is also determined by the same Yang tableaux.
The local moduli space of Hitchin’s equation is described by the adjoint orbit
Oi of the complex lie algebra sl(N, c) (the relation of the adjoint orbit to moduli
space of Nahm’s equation can be found in [37, 38]) . The nilpotent orbit is used to
describe the massless theory while the semi-simple orbit is used to describe the mass-
deformed theory. The nilpotent orbit is classified by the Young tableaux [n1, n2, ...nr]
(for an introduction to nilpotent orbit, see [36]), and the mass-deformed theory can
be also read from Young tableaux: there are a total of n1 mass parameters and
the degeneracy of each mass parameter is equal to the number of boxes on each
column . There are only n1−1 independent mass parameters because of the traceless
condition.The dimension of the local moduli space is equal to the dimension of the
orbit Oi:
N2 −
∑
r2i , (3)
where ri is the height of ith column of the Young tableaux. The Hitchin’s moduli
space on the sphere can be modeled as the quotient
O1 ×O2...×Om/G, (4)
where G is the complex gauge group, and the total dimension is the sum of the local
dimension minus the dimension of the gauge group. The minimal nilpotent orbit has
partition [2, 1, ...1] and the mass-deformed theory has only one mass parameter, we
call this kind of singularity as the simple regular singularity, the local dimension of
moduli space is 2N − 2 using (3). The maximal nilpotent orbit has partition [N ],
and its dimension is N2 −N , we call it full regular singularity.
A large class of four dimensional N = 2 superconformal field theories can be
constructed by putting together different punctures on Riemann surface, most of
them do not have the conventional lagrangian description. It is interesting to compare
the UV parameters of the gauge theory with known lagrangian description and the
parameters needed to define Hitchin’s moduli space. Let’s consider A type quiver
gauge theory with gauge group
∑n
i=1 SU(ki) with k1 < k2 < ... < kr = .. = ks >
ks+1 > ... > kn with kr = ... = ks = N . The matter contents are the bi-fundamental
hypermultiplet between the adjacent gauge groups and the fundamentals dα on each
node to make gauge theory conformal, indeed
dα = 2kα − kα−1 − kα+1. (5)
Hitchin’s system involves n+1 simple regular singularities and two generic regular
singularities on Riemann sphere. The two generic regular singularities are used to
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describe two quiver tails, we study left quiver tail SU(k1) − SU(k2) − ... − SU(kr)
and right quiver can be treated similarly. It is associated with a Young tableaux
with partition [n1, ...nr], where nα = kα − kα−1, there are n1 − 1 mass parameters
from this singularity. We also have
∑r
α=1 dα = k1 = n1.
Let’s compare the UV parameters of the gauge theory with the parameters for
the Hitchin system. The UV parameters of the gauge theory are the dimensionless
gauge couplings, mass parameters for the bi-fundamental and fundamental hyper-
multilplets. The parameters for the Hitchin system are the complex structure of the
Riemann surface and the local parameters around the regular singularities. There
are n dimensionless gauge coupling constants, and these are represented by the com-
plex structure of punctured Riemann sphere, since there are n+ 3 punctures on the
sphere and the Riemann surface has n complex structure moduli. There are n − 1
mass parameters for bi-fundamental hypermultiplets and they are encoded in the
parameters of n − 1 regular simple singularities; For the left quiver tail, there are
a total of n1 fundamental fields and n1 mass parameters, these are described by a
generic singularity and a regular simple singularity: the generic regular singularity
has n1 − 1 mass parameters and the simple regular singularity has one. The same
analysis applies to the right quiver, so all the parameters are nicely encoded in the
Hitchin’s system. For the IR behavior, the Seiberg-Witten fibration is identified
with Hitchin’s fibration, one can check that the dimension of the base of Hitchin’s
fibration is the same as the dimension of Coulomb branch of gauge theory.
Finally, we want to stress that the UV parameters enter into the Hitchin’s sys-
tem in different ways. The Hitchin’s moduli space is a hyperkahler space which is
described by fixing the coefficient of the simple pole, these coefficients describes the
complex structure and kahler structure of Hitchin’s moduli space, and these param-
eters are identified with the mass parameters of the gauge theory, so the hyperkahler
structure depends on the mass parameters. On the other hand, the UV gauge cou-
pling constants are identified with the complex structure of the Riemann surface, but
some of the complex structures of the Hitchin’s moduli space does not depend on the
complex structure of Riemann surface, so the hyperkahler structure is independent
of the gauge coupling constant. This has important effect when we consider general
N = 2 gauge theories in the following sections.
As we discussed in the introduction, it seems that the Riemann surface encodes
all the information about the gauge theory; On the other hand, two dimensional
conformal field theory is naturally defined on the Riemann surface with punctures.
AGT [5] found the surprising relation between the Nekrasov partition function and
conformal blocks of Liouville theory; The relation is extended to asymptotical free
cases and SU(N) conformal theory [39, 40]. These relations have a lot of extensions
and went through a lot of checks [41–65]. One can also compare the expectation
values of Wilson-t’hooft loops and surface operators with correlation function of 2d
CFT [66–72]. AGT relation can be understood from matrix model [73] and there
are also a lot of developments along this line [74–79]. AGT is explained by using Ω
deformation and branes [23] and M theory is also useful in understanding the AGT
relation [80,81]. See also the development in understanding gauge theory side [82–88].
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Supergravity dual of the generalized quiver gauge theories is found in [89].
3 Irregular Solutions to Hitchin’s Equation
Hitchin’s equation is
F − φ ∧ φ = 0
Dφ = D ∗ φ = 0. (6)
We want to find local solutions to Hitchin’s equation and use it to describe N = 2
asymptotical free theory. In last section, it is shown that regular singular solution is
used to describe SCFT. In the non-conformal case, the new feature is that dimen-
sional dynamical generated scale Λ is included in UV parameters. This UV parameter
should enter into the description of the Hitchin’s system. In the conformal case, all
the gauge coupling constants are dimensionless, they are identified with the complex
structure moduli of the Riemann surface. They are not entering into the descrip-
tion of the hyperkahler structure of the moduli space of Hitchin’s equation. The
mass parameters do enter into the description of the hyperkahler structure, they are
the parameters of the coefficient of regular pole, and the parameters of the regular
pole has topological meaning. One of reason why the UV parameters have differ-
ent description is that Hitchin’s moduli space is the Coulomb branch of the three
dimensional theory derived by compactifying four dimensional theory on a circle,
but the three dimensional gauge coupling is not conformal any more and therefore
the four dimensional conformal gauge couplings do not have the topological mean-
ing on Hitchin’s moduli space. We have to describe Λ in a non-topological way as
we describe the dimensionless gauge coupling. Since Λ is dimensional, we can not
describe it as the dimensionless complex structure moduli. The dimensional field in
the Hitchin’s system is the Higgs field, so Λ should enter into the definition of the
Higgs field. The simple pole case is not enough, since the parameter has the topolog-
ical meaning. Then we conclude that higher order singularity is needed to describe
asymptotical free theories. In fact, the parameters for higher order singularity are
shown to not have the topological meaning [26].
Hitchin’s equation does have solutions with irregular singularities. It is the pur-
pose of this paper to identify what kind of irregular singularities are needed to de-
scribe four dimensional N = 2 gauge theories. Consider an irregular singularity at
the origin, Hitchin’s equation is schematically dΦ + Φ2 = 0 for Φ = (A, φ), so for
solutions singular than 1
z
, they are not compatible unless the solution is abelian,
namely, they are taking values in a Cartan subalgebra. See the detailed explanation
in [26], we give a short review in the below.
Introduce local coordinate z = reiθ, and let t denote the lie algebra of a maximal
torus T of the compact lie group G (we take G as SU(N) in this paper) and tC its
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complexification. We pick α ∈ t and u1, ...un ∈ tC , and consider the solution
A = αdθ + ....
φ =
dz
2
(
un
zn
+
un−1
zn−1
+ ... +
u1
z
) +
dz¯
2
(
u¯n
z¯n
+
u¯n−1
z¯n−1
+ ... +
u¯1
z¯
+ ...). (7)
Let’s first assume that un is regular and semi-simple, and u1 = β + iγ; When n = 1,
this solution is reduced to the simple pole case.
Let’s denote the moduli space of the solution as MH . The moduli space has the
hyperkahler structure and have three distinguished complex structures. In complex
structure I, each pair of solutions (φ,A) represents a Higgs bundle. The holomorphic
structure of the bundle E is defined by using the (0, 1) part of the gauge field A. The
(1, 0) part Φ of φ is a holomorphic section of ad(E)
⊗
KC . Explicitly, do a complex
conjugation using riα, the operator ∂¯A = dz¯(∂z¯ + Az¯) reduces to the standard one
dz¯∂z¯. With this trivialization, The holomorphic part of Higgs field is
Φ =
dz
2
(
un
zn
+
un−1
zn−1
+ ... +
u1
z
). (8)
There is also a Hitchin’s fibration and the spectral curve
det(x− Φ(z)) = 0. (9)
This Hitchin’s fibration is identified with Seiberg-Witten fibration and the spectral
curve is the Seiberg-Witten curve.
In another complex structure J, We study the Gc valued complex connection
A = A+ iφ, which is flat by using Hitchin’s equation. The connection A can be put
in the form
Az = (
un
zn
+
un−1
zn−1
+ ...+
u2
z2
)− i
α− iγ
z
(10)
The connection can be put in a standard form:
Az =
Tn
zn
+
Tn−1
zn−1
+ ....+
T1
z
. (11)
For such irregular connection, the monodromy is not just determined by T1,
the stokes matrix is needed to describe the so-called generalized monodromy. The
dimension of the local moduli space is
dim(MH) = (n)(dim(Gc)− r), (12)
here r is the rank of the gauge group and Tk are chosen in a regular semi-simple
orbit, this dimension can be derived by counting the parameters for the generalized
monodromy. In defining the moduli space, the matrices Tn, ...T1 are fixed, so when
Hitchin’s system is used to describe four dimensional gauge theory, these parame-
ters are interpreted as the parameters like the masses, dynamical generated scale.
Hitchin’s moduli space is identified with the Coulomb branch moduli space. We
should emphasize that the moduli space does not depend on Tn...T2 [26] in complex
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structure J, so we should identify dynamical scale with the parameters in Tn...T2 as
we argued at the beginning of this section.
What happens when the leading order coefficient is not regular-semisimple? If
un is semi-simple but not regular, the analysis is essentially the same as described in
section 6 of [26]. When un is nilpotent, the solution can be reduced to the solution
with leading order coefficient semi-simple. This is in contrast to the simple pole
solution, in that case, when the residue is nilpotent, we have new solutions to the
Hitchin equation.
The solution with nilpotent leading order coefficient plays an essential role in
describing N = 2 gauge theories. Let’s consider the case Az = Tn/z
n + ..., with Tn
nilpotent. We take Gc = SL(2, C) for an example. Az can be written as
Az =
(
a z−nb
c − a
)
, (13)
where a, c have poles at most of order n − 1 at z = 0 and b is regular. Now by a
gauge transformation g =
(
1 0
f(z) 1
)
, we can set a = 0 by choosing appropriate
f(z), the connection becomes
Az =
(
0 z−nb
z−kc˜ 0
)
, (14)
where c˜ is regular and k < n. If n− k > 2, we can make a further gauge transforma-
tion with g =
(
z
1
2 0
0 z
−1
2
)
and follow a similar gauge transformation to take the
connection back to off-diagonal form to reduce n and n−k. The only new possibility
is then n = k or n = k + 1, if n = k, we are back to the case with Tn regular
semi-simple. If n = k + 1, we take a double cover of a neighborhood around the sin-
gular point. We introduce a new coordinate z = t2, then the solution is reduced to
previous situation with a gauge transformation g =
(
t
1
2 0
0 t
−1
2
)
. Write A = Atdt,
and then Az = At/2t. The connection has the form
At =
(
0 t−2nb
t−2nc 0
)
. (15)
At is even under t → −t, so Atdt is odd under t → −t. So the singular solution
becomes
A = 0
φ =
dt
2
(
vn−1
t2(n−1)
+
vn−2
t2(n−2)
+ ... +
v1
t2
) + c.c. (16)
Now the leading order coefficient is regular semi-simple. It is useful to transform the
solution to the original coordinate z:
A = 0,
φ =
dz
4
(
vn−1
zn−1/2
+
vn−2
zn−3/2
+ ....+
v1
z
3
2
) + c.c (17)
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To make this solution well defined, we need to make a gauge transformation M in
crossing the cut on the z plane
M =
(
0 1
1 0
)
. (18)
We can also add the regular terms, the regular terms are of the form vkz
k−1/2, k ≥ 1
to make the solution well defined, the regular singular term is missing here so this
singularity does not encode any mass parameter.
For instance, if n = 2, the holomorphic part of the Higgs field (we will call
the holomorphic part of the Higgs field as Higgs field in later parts of this paper)is
Φz =
v1
z3/2
+ C
z1/2
+ ..., The spectral curve is x2 = φ2(z), where φ2(z) = Tr(Φz)
2 is the
degree two differential on the Riemann surface. The quadratic differential has the
form
φ2(z) = Tr(Φz)
2 =
q2
z3
+
U
z2
+
M
z
+ ... (19)
where v1 = diag(q,−q) and C = diag(a,−a). The parameter U depends on a. This
parameter is identified with the coulomb branch of the gauge theory, since φ2(z) is
a degree 2 meromorphic connection, according to Riemann-Roch theorem, this pole
contribute two to the Coulomb branch, and so it contributes four to the Hitchin’s
moduli space. The above method shows how to calculate the local dimension of
the moduli space in Hitchin’s equation. We expand the spectral curve around the
singularity, and find the maximal pole of degree i differential which depends on
regular term, and then sum up the contributions from degree 2 differential to degree
N differential for SU(N) case, this gives the local dimension of the base, the total
dimension of local Hitchin’s moduli space is twice of the base.
The form of the gauge field and Higgs field can be derived in another way. Let’s
take n = 2 for an example. Suppose the Higgs field takes the following form
Φ(z) =
1
z2
(
0 1
0 0
)
dz +
1
z
(
a b
−c d
)
dz + ..... (20)
One can calculate the eigenvalues of Φ which are 1
z3/2
(Λ,−Λ), and the 1
z
term is
missing because the leading order term is multivalued while 1
z
term is single valued,
so we do not have any mass deformation for this type of singularity, this recovers
(17). The local dimension of the moduli space can be derived by noting that the
leading order coefficient belongs to nilpotent orbit with dimension 2 and the regular
singularity coefficient is in a semi-simple orbit also with dimension 2, so the local
dimension is 2 + 2 = 4.
More generally, the connection Az is an N × N matrix-valued function with a
possible pole at z = 0. It has N possibly multiple eigenvalues λi. The eigenvalues
behave for small z as z ∼ z−ri , with rational number ri. Tame ramification is the case
that all ri are equal to or less than 1. We call completely wild ramification if ri > 1
for all i. The general case is a mixture of these two possibilities. Following SU(2)
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case, Let’s consider second order irregular singularity with leading order coefficient
nilpotent
Φ(z) =
A1
z2
dz +
A0
z
dz + ...., (21)
where A1 is the matrix in the nilpotent orbit O1 labeled by Young tableaux with
partition [2, 1, 1.., 1], we take A1 as the matrix with standard Jordan form; A0 is
in a regular semi-simple orbit O0 (the eigenvalues of A0 are all distinct). One can
calculate the eigenvalue of the Higgs field, it has the form
Φ =
1
z1+1/N
diag(1, ω, ω2...ωN−1)dz, (22)
where ωN = 1; Similar as SU(2) case, 1
z
term is missing. The local dimension of the
Hitchin’s moduli space is equal to the sum of the dimension of the orbit O1 and O0,
d = 2N − 2 +N2 −N = N2 +N − 2, (23)
Notice that this equals to the contribution of a simple regular singularity and a full
regular singularity with partition [n]. This irregular solution is useful to us since
there is only one parameter in the irregular part and this can be identified with the
dynamical scale and there is no mass deformation, so this irregular singularity is
useful for the pure N = 2 super Yang-Mills theory, this will be confirmed in later
sections. This solution may be seen as the minimal irregular singularity.
We also want to have irregular solutions allowing some mass deformation. It turns
out that the Higgs field with following eigenvalues is useful (after diagonalization,
here we use n instead of N to denote the rank of gauge group)
Φ =
1
z1+
1
n−k
diag(0, ...0,Λ,Λω, ...Λωn−k−1)dz+
1
z
diag(m1, m2, ..mk, mk+1, mk+1...mk+1)dz+...,
(24)
where ω = e
−2pii
n−k and the sum of mass vanishes so we have k independent mass
parameters.
This form needs a small change for k = n − 1, in this case, the Higgs field has
the form
Φ =
1
z2
diag(Λ,Λ, ..,Λ,−(n− 1)Λ)dz +
1
z
diag(m1, m2, ..mn)dz + ..., (25)
∑n
i=1mi = 0. A special case is when n = 2, the leading order coefficient is regular
semisimple.
The solution (24) is well defined only when a gauge transformation is made on
crossing the cut on z plane:
M =


0 . . . 0
. 0 . . 0
. . . . 0
. . . 0 0
0 . . . vn−k

 , (26)
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where vn−k is the (n− k)× (n− k) matrix
vn−k =


0 1 0 ... 0 0
0 0 1 ... 0 0
... ... ... ... ... ...
0 0 0 ... 0 1
1 0 0 ... 0 0

 . (27)
Let’s first consider the simple case k = 0, in which the simple pole term is forbidden.
We can also add the regular terms, however, the regular term must take a form so
that the Higgs field is well defined in crossing the cut in the z plane. The Higgs field
takes the following form
Φ =
Λ
z1+1/n
diag(1, ω, ...ωn−1) +
n−1∑
d=1
ad
z1−d/n
diag(1, ω−d..ω−dj, ...) + ... (28)
One can check that the Higgs field is well defined using the gauge transformation
(27) in crossing the cut. Since (1, ω, ...ωn−1) are the roots of the equation xn−1 = 0,
the equation factorizes as xn − 1 =
∑n−1
i=0 (x − ω
i), expanding the last equation, we
have the relation
∑
i w
i = 0,
∑
i 6=j ω
iωj = 0, and
∑
i 6=j 6=k ω
iωjωk = 0, etc, the only
nonvanishing combination is
∏
w0w...wn−1 = (−1)n−1. We also have the relation∑n−1
j=0 w
−dj = 0 for any d.
Calculating the determinant
det(x− φ(z)) = xn −
n∑
i=2
φi(z)x
n−i. (29)
The leading singular behavior of the coefficient φi(z) can be derived by expanding
the determinant. For φ2, one may wonder it has the fractional power, but this is not
the case, since the coefficient of 1
z2+
2
k
is
∑
i 6=j w
iwj = 0. Let’s calculate the leading
order term depending on the regular coefficient, it has the form
φ2(z) =
1
2
∑
i 6=j
ωiω−dj
1
z2+(1−d)/n
=
∑
i
ωiω−di
1
z2+(1−d)/n
=
∑
i
ω(1−d)i
1
z2+(1−d)/n
.
(30)
This term is nonzero only in the case d = 1. So φ2(z) =
c
z2
+ ...
The calculation can be extended to the other coefficient φi, there is no term which
only depends on the singular term of the Higgs field except for i = n, the leading
order terms depending on the regular terms are
φi(z) = C
∑
n1 6=n2..ni
ωn1...ωni−1ω−dni
1
zi+(i−d)/n
= C
∑
j
ω(i−d)jzi+(i−d)/n. (31)
We select n−1 terms from the irregular term and one regular term, the only vanishing
term is when d = i, so φi = C
1
zi
+ ....
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For the coefficient φn(z), there is a term depending on Λ, it has the form
φn(z) =
Λn
zn+1
+ C
1
zn
. (32)
The contribution of this singularity to the Coulomb branch is
2 + ...n =
n2 + n− 2
2
. (33)
This is the same as we calculate by counting the dimension of the adjoint orbit for
the coefficient on the singular part (23).
Let’s define the local covering coordinate z = tn, the Higgs field has the form
φ(t) =
1
t2
diag(1, ω, ...ωn−1)dt+ .... (34)
To make this field well defined, we can not turn on the regular singular term. Notice
that this has the familiar form with leading order coefficient semi-simple.
One can similarly study the spectral curve of the Higgs field (24,25), the term
depending on the regular term is φi(z) =
C
zi
, so the contribution to the coulomb
branch of this singularity is also n
2+n−2
2
. The difference here is that we also have the
terms with coefficient depending on the singular terms, i.e. mass parameters and
dynamical scale.
To summarize, we have studied several types of irregular singularities: For the first
one, the leading order coefficient is regular semi-simple and this kind of singularity
is studied extensively; if the leading order coefficient is semisimple but not regular,
it can be treated similarly with some complication; if the leading order singularity
is nilpotent, the solution can be transformed to a form as the first two by going to
local covering space.
4 SU(2) Theory
In this section, we will identify the corresponding Hitchin system for N = 2 SU(2)
gauge theory. One important clue for the Hitchin system is that its total complex
dimension must be 2, so the base of the Hitchin fibration is 1 and can be matched with
the dimension of the Coulomb branch of N = 2 SU(2) theory. The corresponding
Seiberg-Witten curves are calculated and they have the same form as derived in [13].
Let’s first recall the six dimensional construction of SU(2) theory with four fun-
damentals: it is represented by a SU(2) Hitchin system defined on a Riemann sphere
with four punctures, at each puncture the Higgs field has the simple pole with
the residue diag(m,−m). It is useful to think this in the brane picture [90], one
D4−NS5 brane configuration is depicted in Figure 1a). This is a type IIA construc-
tion. The NS5 branes which extend in the direction x0, x1, x2, x3, x4, x5, are sitting
at x7, x8, x9 = 0 and at the arbitrary value of x6. The x6 position is only well defined
13
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a) b)
Figure 1: a) Brane configuration of SU(2) theory with four fundamentals; b)Brane
configuration of SU(2) theory with three fundamentals.
classically. The D4 branes are stretched between the fivebranes and their world vol-
ume is in x0, x1, x2, x3 direction; These D4 branes have finite length in x6 direction.
We also have D6 branes which extend in the direction x0, x1, x2, x3, x7, x8, x9.
We can think that two punctures describe the behavior of two semi-infinite branes
on the left, and two others used to describe semi-infinite branes on the right. The
gauge coupling constant is identified with the complex structure moduli of the punc-
tured sphere.
Next, let’s consider the SU(2) theory with Nf = 3, the brane configuration is
depicted in figure 1b). The maximal number of punctures on the Riemann sphere are
three since we do not have a dimensionless gauge coupling, and there is at least one
irregular singularity as we argued in last section about the asymptotical free theory.
Since the right hand side of brane configuration is the same as Nf = 4 theory, we
expect that there are also two simple punctures on the Riemann sphere; On the left
hand side, there are only one semi-infinite D4 brane, so one more irregular singularity
is needed. Another important clue is that the coulomb branch is one dimensional,
so the dimension of the Hitchin’s space is d = 2, the dimension of Hitchin’s moduli
space on a sphere with two simple punctures and one irregular puncture is
d = d1 + (2N − 2) + (2N − 2)− 2(N
2 − 1) = 2, (35)
where N = 2 and d1 is the local dimension of the irregular singularity. We have
d1 = 4, therefore the local dimension of the irregular singularity is 4. Let’s look at
the irregular singularity (24,25) we discussed in last section, they contribute to the
coulomb branch dimension d = N
2+N−2
2
= 2, we have two choices k = 0, or k = 1.
There is two parameters for k = 2 and one for k = 1. To see which one is the correct
one for Nf = 3 theory, it is useful to check the parameters of the gauge theory, there
are three mass parameters for the three fundamentals and one dynamical generated
scale Λ, and two mass parameters are associated with two simple punctures and the
remaining parameters are associated with the irregular singularity, so we must select
k = 1, and the Higgs field has the form around this singularity
Φ =
1
z2
(
Λ 0
0 −Λ
)
dz +
1
z
(
m3 0
0 −m3
)
dz + ..., (36)
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a) b)
Figure 2: a) Brane configuration of SU(2) theory with two fundamentals; b) Another
Brane configuration of SU(2) theory with two fundamentals.
and the Higgs field has the form at the other two simple punctures
Φ =
1
z
(
mi 0
0 −mi
)
dz + ..., (37)
with i = 1, 2.
The Seiberg-Witten curve associated with this Hitchin system is
det(x− Φ(z)) = 0
x2 =
m21
z2
+
m22
(z − 1)2
+
U
z(z − 1)
+
2m3Λ
z
+ Λ2 (38)
We have used the conformal symmetry to put the simple punctures at z = 0, 1 and
the irregular puncture at z =∞; U is the Coulomb branch parameter.
Next, let’s consider Nf = 2 case, there are two different brane configurations,
which is depicted in Figure 2.
For the brane configuration in Figure 2a), two simple punctures are needed to
describe two fundamentals on the right-hand side. There is no fundamental on the
left hand side, so we need to use the Higgs field (25) with k = 0. We should point
out that the number k in our solution (24,25) has been identified with the number
of fundamentals on the left hand side of the brane configuration. When k = 2, the
irregular singularity becomes two simple regular singularities.
The Higgs field at the irregular puncture for Nf = 2 case is
Φ(z) =
1
z3/2
(
Λ 0
0 −Λ
)
dz + ..... (39)
The Higgs field at the other two regular punctures have the same form as in (37).
The spectral curve has the form
det(x− Φ(z)) = 0
x2 =
m21
z2
+
m22
(z − 1)2
+
U
z(z − 1)
+
Λ2
z
(40)
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a) b)
Figure 3: a) Brane configuration of SU(2) theory with one fundamentals; b) Another
Brane configuration of pure SU(2) theory
We have put two simple regular singularities at z = 0, 1, and the irregular singularity
at z =∞.
For the brane configuration in Figure 2b), We have one fundamental on the
left hand side and one fundamental on the right hand side, the brane configuration
is symmetric on both sides. We have two punctures and they must be irregular
to account for the dimension. As we argued earlier, the solution corresponds to
n = 2, k = 1 in (36), so the Higgs field takes the form (36), the parameter Λ must
be same for two punctures and the mass parameters are different.
The spectral curve takes the form
det(x− Φ(z)) = 0
x2 =
λ
z4
+
m1Λ
z3
+
U
z2
+
Λm2
z
+ Λ2 (41)
We put the puncture at z = 0,∞.
We next consider Nf = 1, from the brane configuration in Figure 3a), we can
conclude that we have two irregular punctures, one of them takes the form (39); the
other has the form (36). The spectral curve is
det(x− Φ(z)) = 0
x2 =
λ2
z3
+
U
z2
+
Λm
z
+ Λ2 (42)
punctures are put at z = 0,∞.
We then consider the pure N = 2 SU(2) theory. The brane configuration is in
Figure 3b). We have two irregular singularities with the Higgs field taking the form
(39), the coefficient for the leading order coefficient is the same for two punctures
due to symmetry. The spectral curve is
det(x− φ(z)) = 0
x2 =
Λ2
z3
+
U
z2
+
Λ2
z
(43)
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The Seiberg-Witten curve above is the same as derived in [13].
The above analysis exhausted N = 2 SU(2) gauge theories with fundamental
hypermultiplet. There are more choices for the Hitchin moduli space with total
dimension 2 though. For a singularity with regular semi-simple coefficient, the local
dimension is 2n, where n is the order of the singularity, this includes the regular
singularity. If the leading coefficient is nilpotent, as we showed in last section, the
dimension is also 2n, if the leading order singularity has the form Φ = vn
zn−1/2
dz, n =
2... We have the following choices except those studied in this section:
i) One 3 order irregular singularity with regular semi-simple coefficient and one
regular singularity, we have two mass parameters associated with the residue of the
regular singularity. This might be related to A2 Argyres-Douglas fixed point [91,92].
ii) One 3 order irregular singularity with the form (17) with n = 3, and a simple
singularity, we suspect this is related to A1 Argyres-Douglas fixe point
iii) One 4 order irregular singularity with regular semi-simple coefficient, we sus-
pect this is also related to A1 Argyres-Douglas fixed point.
iv) One 4 order irregular singularity with the form (17), we suspect this is asso-
ciated with the A0 Argyres-Douglas superconformal fixed point.
There are some clues that the above conjecture might be true. Singular fibre
is classified by Kodaira, and Argyres-Douglas fixed point corresponds to singular
fibre of type A2, A1 and A0. According to the result by Boalch [93], case i) can be
associated with the affine dynkin diagram of A2, case ii) is associated with affine
dynkin diagram of A1 and case iv) is associated with dynkin diagram of A0. There is
another hint about our conjecture: For A2 Argyres-Douglas fixed point, there are two
deformation parameters, and we have two deformation parameters for the Hitchin
system i), one from the order 3 singularity and the other from regular singularity;
Case ii) and case iii) both have one mass parameter and match the deformation
parameter for A1 theory; Case iv) does not have mass parameter which match the
deformation parameter of A0 theory.
It is natural to generalize the above study to the linear quiver with only SU(2)
gauge groups. For the superconformal case with n SU(2) gauge group, there are
a total of n + 3 regular singular punctures on the sphere, with n − 1 punctures to
account for the flavor symmetry of the bi-fundamental and 2 puncture for the two
fundamentals on the far left, and 2 punctures to account for the bi-fundamental on the
far right. If the quiver is not conformal, only the gauge groups at both ends are not
conformal; we need to replace the two simple punctures with the irregular puncture
based on solution (24,25) with n = 2, k, where k is the number of fundamentals on
the end; if k = 2, we still have two simple regular punctures. There are a total of
n + 1 punctures on the sphere if k < 2 on both ends, and we have n − 2 conformal
gauge groups ; the punctured sphere has a total of n − 2 moduli and these moduli
are identified with the UV gauge couplings of the (n− 2) conformal gauge group.
In conclusion, to describe SU(2) linear quiver, besides the regular singularity, we
also need to turn on two types of irregular singularities (37,39). One can similarly
studied the different degeneration limits and we will get generalized quiver as in [3].
For example, let’s consider the quiver in Figure 5a). There are three SU(2) gauge
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a) b)
Figure 4: a) Brane configuration of conformal SU(2) quivers; b) A brane configura-
tion with non-conformal gauge group
SU(2) SU(2) SU(2) 1
a)
b)
c) d)
Figure 5: a) A nonconformal SU(2) quiver with three gauge groups; b) The degener-
ation limit of the Riemann sphere corresponding to quiver a), the regular singularity
is represented by cross, and the irregular singularity is represented by box; c) Another
degeneration limit of the same Riemann sphere; d) After complete degeneration, we
get a new SU(2) theories with two irregular singularity and a simple singularity.
groups and only the middle one is conformal. The weakly coupled limit of quiver 5a)
is described by the degeneration limit of the Riemann sphere with four punctures in
Figure 5b): we have two simple punctures and two irregular punctures described by
boxes. Figure 5c) describes another degeneration limit of the same Riemann sphere,
after the complete degeneration limit, we get a theory which is described by Hitchin’s
equation with two irregular singularities and one regular singularity, this is depicted
in Figure 5d). This theory has two dimension two operators in Coulomb branch and
it is a linear quiver with two SU(2) gauge group. The dual quiver is a generalized
quiver.
More generally, there are two kinds of singularities for SU(2) Hitchin system:
order n singularity with coefficient semi-simple or nilpotent. We can engineer gauge
theories by putting these singularities on Riemann surface. Fortunately, for the
known gauge theory with conventional lagrangian description, we need the simplest
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ones, namely, order two or order one singularity.
5 SU(N) Theory
Let’s now generalize the analysis of SU(2) theory to SU(N) case. We first consider
a single SU(N) gauge group with Nf fundamental hypermultiplets. The conformal
case with Nf = 2N is reviewed in section two. The theory is described by six
dimensional AN−1 theory compactified on a sphere with four punctures: two simple
regular punctures and two full regular punctures.
The brane configuration corresponds to put N fundamentals to the left and N
fundamentals to the right as in the Figure 1a). We can think that one simple puncture
and one full puncture are needed to describe N fundamentals on each side. The
contribution of these two punctures to Coulomb branch parameters is N−1+ 1
2
(N2−
N) = N
2+N−2
2
, where N − 1 is the contribution of the simple regular puncture and
1
2
(N2 −N) is the contribution of the full regular puncture.
The brane construction is still very useful to consider asymptotical free theory;
In analogy with SU(2) theories, let’s first consider 2N > Nf ≥ [
1
2
N ], in this case
we can put N fundamentals on the right and Nf −N fundamentals on the left, and
a simple and a full regular punctures are needed to describe the N fundamentals
on the right. An irregular puncture is needed to describe the fundamentals on the
left. To get the correct number of coulomb branch moduli, the contribution of the
irregular singularity to Coulomb moduli space must be 1
2
(N2+N −2); We do have a
class of irregular singularity with this number in (24,25). From the analysis of SU(2)
theory, we may want to select the solution with n = N, k = Nf − N , an important
check is that the flavor symmetry on the N − Nf fundamentals on the left hand
side is U(k). The regular singular part of the irregular singularity has the partition
(k + 1, 1, 1, ...1), which do describe U(N) flavor symmetry.
We now have the clue to describe SU(N) theory with any number of funda-
mentals. We can decompose Nf = k− + k+ and k− ≤ k+ ≤ N , namely, we put
k− semi-infinite D4 branes to the left and k+ semi-infinite D4 branes to the right.
See the brane configuration in Figure 6. If k+ < N , two irregular singularities are
needed, and the local solutions are of the form (24,25) with n = N, k = k− and
n = N, k = k+; if k+ = N , we have two regular punctures and one irregular punc-
ture with n = N, k = k−. We also need to set the coefficient Λ at the irregular
singularities equal.
The Seiberg-Witten curve is derived from the spectral curve of the Hitchin system.
Notice that, there are more than one description for the same SU(N) theory with
Nf fundamentals. The different Hitchin moduli spaces corresponding to different
decomposition of Nf are isomorphic! [13, 93]
Let’s consider pure SU(N) theory for an example. There are two irregular sin-
gularities with n = N, k = 0 in (24,25). The spectral curve around the singularity is
described in (31). We put two singularities at z = 0, z =∞, and the Seiberg-Witten
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a) b)
Figure 6: a) A brane configuration for SU(5) theory with 7 fundamentals, here
k− = 2, k+ = 5; b) Another brane configuration for the same theory as a), here
k− = 3, k+ = 4.
curve is
xN +
u2
z2
xN−2 +
u3
z3
xN−3 + .... +
uN−1
zN−1
x+
ΛN
zN+1
+
uN
zN
+
ΛN
zN−1
= 0. (44)
The Seiberg-Witten differential is λ = xdz.
The solution of pure SU(N) theory is related to another integrable system: pe-
riodic Toda chain [15–17]. Here we find another integrable system to describe pure
SU(N) theory using Hitchin’s system, these two integrable systems should be iso-
morphic.
The specific form of the singularity of the solution to Hitchin’s equation may be
seen from the Brane configuration and Seiberg-Witten curve. The Seiberg-Witten
curve for the brane configuration in Figure 6 is
F (v, t) = c0
k−∏
i=1
(v −mi)t
2 +B(v)t+ c2
k+∏
i=1
(v −mi) = 0, (45)
where B(v) = c1(v
N+u2v
N−2+...uN ), and the Seiberg-Witten differential is λ =
v
t
dt.
We regard this curve as the polynomial in v with fixed t, and there are a total of N
roots. In the limit t→ 0, k+ roots are constant, they are
v1 = m1, v2 = m2, ...vk+ = mk+ . (46)
Since k+ < N , there are (N − k+) roots which are not constant
Λt
1
N−k+ (1, ω, ...ωN−k+−1), (47)
where ω is the root of the equation xN−k+ = 1, and Λ depends on cα.
Now we want to find the Hitchin system description. The Seiberg-Witten curve
is identified with the spectral curve of Hitchin system
det(x− Φ(z)) = 0, (48)
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and the Seiberg-Witten differential is λ = xdz. Let’s compare this with (45), we
identify z with t, and x = v
t
, the equation is
det(
v
t
− Φ(t)) ∝ det(v − tφ(t)) = F (v, t). (49)
Now we can read the boundary condition of the Higgs field at the puncture t = 0,
The roots of v at fixed t are identified with the eigenvalues of the function tΦ(t). So
the Higgs field has the following form at t = 0,
Φ =
1
t
1+ 1
N−k+
diag(0, ...0,Λ,Λω, ...ΛωN−k+−1)dt+
1
t
diag(m1, m2, ..mk, mk+1, mk+1...mk+1)dt+....
(50)
We do a little bit manipulation on the simple pole term so that the matrix is
traceless, i.e. they are taking value in the lie algebra of SU(N). This is the exactly
same as (24, 25). In the case k+ = N , the irregular term is absent and we have N
mass terms, however, the maximal parameter for a regular singularity is N − 1, so
we need to turn on another simple singularity with only one mass parameter. The
analysis can be carried out similarly for t =∞.
We next turn to the description of the quiver gauge theory. The simplest case is
a quiver with all SU(N) gauge groups, and only the two SU(N) group at the ends
are not conformal. If we have n SU(N) gauge groups, then there are n − 1 simple
punctures and two irregular punctures depending on the number of fundamentals on
the end SU(N) gauge group. The dimension of the complex structure moduli space
of this sphere with n + 1 punctures is n− 2, this matches the number of conformal
gauge group and is used to describe the UV conformal gauge coupling constants. If
there are k− fundamental hypermultiplets on the far left SU(N) gauge group and
k+ fundamentals on the far right, the two irregular singularity is of the form (24, 25)
with n = N, k = k±.
Let’s consider the general quiver gauge theory with the gauge group
∏n
i=1 SU(ki),
here k1 < k2... < kr = ...ks > ks+1.. > kn and ks = ..kr = N , the rank of the gauge
group is chosen so that every gauge group is conformal or asymptotically free; there
are bi-fundamental fields between adjacent gauge groups, we also add di fundamental
hypermultiplets to ith gauge group SU(ki). The r−s−1 middle SU(N) gauge groups
are conformal. The SCFT case is studied in [3, 9], we want to extend it to general
asymptotical free case. We review the superconformal theory which will provide us
a lot of clues, in this case dα = 2kα − kα−1 − kα+1.
The Seiberg-Witten curve for this theory is derived by lifting the brane configura-
tion to M theory. The D6 branes are described by Taub-NUT space [90]. NS5−D4
brane configurations become a single M5 brane embedded in D6 branes background.
Define coordinate v = x4 + ix5 and polynomials:
Js =
is∏
a=is−1+1
(v −ma), (51)
where 1 ≤ s ≤ n and dα = iα − iα−1, ma is the constant which represents the
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position of D6 brane in v direction and is identified with the mass of the fundamental
hypermultiplet.
The Seiberg-Witten curve is
tn+1 + g1(v)t
n + g2(v)J1(v)t
n−1 + g3(v)J1(v)
2J2(v)t
n−2
+... + gα
α−1∏
s=1
Jα−ss t
n+1−α + ... + f
n∏
s=1
Jn+1−ss = 0, (52)
here gα is a degree kα polynomial of variable v. From the study of a single SU(N)
theory, to get a Hitchin description, it is necessary to move all the D6 branes to
the far left and far right. We split Jα as the product of Jα,L and Jα,R, where Jα,L
denotes the D6 branes moving to the left, and Jα,R denotes the D6 branes moving
to the right. Jα,L and Jα,R can be chosen arbitrarily. We define the canonical choice
by moving all the fundamental matters for SU(ki), i ≤ r to the far left, and move all
the fundamental matters for SU(ki), i ≥ s to the far right. In the case of r = s, we
split the fundamentals into two parts dr,L = N − kr−1 and dr,R = N − kr+1.
After moving the D6 branes to the infinity, the Seiberg-Witten curve becomes [13]
F (v, t) =
n+1∑
α=0
gˆα(v)t
n+1−α (53)
Where
gˆα(v) = cαgα(v)
r∏
β=α+1
Jβ−αβ α = 0, 1, ....r − 1 (54)
gˆ(v) = cαgα(v), α = r, ....s (55)
gˆ(v) = cαgα(v)
α∏
β=s
Jα−ββ α = s− 1, .....n. (56)
Let’s calculate the order of the polynomial gˆα(v). The middle one is not changed.
There are two quiver legs and we study one of them and the other leg can be treated
similarly. Let’s consider the leg SU(k1) − SU(k2) − ... − SU(kr) with kr = N , We
can associate a Yang tableaux to this leg with the rows n1 = k1, n2 = k2−k1,...,nr =
kr − kr−1, it is easy to see that the total box of the Yang tableaux is N . Then the
number of fundamentals can be written as dα = 2kα − kα−1 − kα+1 = (kα − kα−1)−
(kα+1−kα) = nα−nα+1. Jα(v) is a order dα polynomial in v. The order of polynomial
gˆα(v) is
d(gα) = kα + dα+1 + 2dα+2 + ...(r − α)dr = N (57)
The same calculation can be applied to the right quiver leg, so the polynomial gα(v)
has the same order N . Let’s study the roots of Seiberg-Witten curve regarded as a
polynomial in v with t fixed. v have N constant roots at the roots tα of the following
equation
n+1∑
α=0
cαt
n+1−α = 0. (58)
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This polynomial is the coefficient of vN in F (v, t) if we regard it as the polynomial
in v. The singular behavior of the Higgs field of the Hitchin equation can be derived
from the roots as we did for a single SU(N) gauge group theory, the Higgs field has
regular simple singularity. The Higgs field has the form
Φ(z) =
1
z
diag(m, ...m︸ ︷︷ ︸
N−1
,−(N − 1)m)dz + ... (59)
There are other singularities for the Hitchin system, we study the roots of the
Seiberg-Witten curve at t → ∞, the n roots of v are dictated by the polynomial
g0(v),
v = (md1,1, md1,2, ..md1,d1︸ ︷︷ ︸
d1
md2,1, md2,1, ...md2,d2, md2,d2︸ ︷︷ ︸
2d2
, ....). (60)
The Higgs field is therefore
Φ(z) =
1
z
diag(md1,1, md1,2, ..md1,d1︸ ︷︷ ︸
d1
md2,1, md2,1, ...md2,d2, md2,d2︸ ︷︷ ︸
2d2
, ....)dz + ... (61)
It is interesting to note that the mass pattern can be derived from the Young tableaux.
Indeed, it can be read from the dual Young tableaux. To construct dual Young
tableaux, we simply exchange the rows and columns. More precisely, the dual Young
tableaux is related to the original Yang tableaux as follows: we have a total of n1
rows, we have n1 − n2 rows with length 1, nk − nk+1 rows with length k, etc; we use
the convention nr+1 = 0. Look at the form of the Higgs field, we see that the residue
is dictated by dual Young tableaux, we have d1 = n1 − n2 mass parameters with
degeneracy 1, we have d2 = n2 − n3 mass parameters with degeneracy 2, etc. The
same analysis applies to the case t → 0, so the theory is described by a Riemann
sphere with n+ 1 simple punctures and two generic punctures.
Let’s now consider the non-conformal theory, here the number of fundamentals are
arbitrary and constrained by the relation di ≤ (2ki−ki−1−ki+1). The Seiberg-Witten
curve is the same as (53), the difference is that here cα is dimensional parameters to
make every term in F (v, t) have the same dimension. Similarly, we have the simple
singularity for the Higgs field at the points tα which are the roots of the polynomial
of the coefficient of the vN term. There are other two singularities at t = 0 and
t = ∞, these two describe the right quiver tail and left quiver tail respectively. We
study the left quiver tail and the right quiver tail can be studied similarly. In the
case r = s, there is no canonical way to split the fundamental matters on the SU(kr
node, but we have to make sure that drL ≤ N − kr−1, drR ≤ N − kr+1.
The order of coefficient for gˆα(v), α < r is
dim(gˆα(v)) = kα + dα+1 + 2dα+2....(r − α)dr = kˆα, (62)
kˆα is a non-decreasing series and
kˆα − kˆα−1 = (kα − kα−1)−
r∑
i=α
di = nα −
r∑
i=α
di. (63)
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We take kˆα−1 = 0 and we have the condition kˆα − kˆα−1 ≥ 0, notice that kˆr = N .
In the limit of t→∞, v have kˆ0 constant roots
v = (md1,1, md1,2, ..md1,d1︸ ︷︷ ︸
d1
md2,1, md2,1, ...md2,d2, md2,d2︸ ︷︷ ︸
2d2
, ....). (64)
Since kˆ0 < N , there are other roots besides the constant ones we get above, for any
α ≤ r, we have the kˆα − kˆα−1 roots
v = Λαt
1
m (1, ω, ...ωm−1), (65)
where m = kˆα − kˆα−1, ω is the root for x
m = 1 and Λα = (
cα−1
cα
)
1
m , one can check
that Λ has dimension 1 from the Seiberg-Witten curve F (v, t), if we require t has
dimension −1 and v has dimension 1.
Based on the roots of v in the limit t→∞, We propose that the Higgs field has
the following form around the singularity z
′
=∞ (we change the local coordinate to
z = 1
z′
φ(z) =


vn1 0 0 0 0
0 vn2 0 0 0
0 0 ... 0 0
0 0 0 ... 0
0 0 0 0 vnr

 (66)
Where vnα is the diagonal matrix as in (24) with n = nα, k =
∑r
i=α di, to make the
Higgs field well defined, we make a gauge transformation of the block diagonal form
(27) when we cross the cut. The mass terms in vnα is constrained though, its form is
1
z
diag(mdα,1, mdα,2, ..., mdα,dα︸ ︷︷ ︸
dα
, ...., mdr ,1, mdr ,2, ..., mdr ,dr︸ ︷︷ ︸
dr
, mα, mα, ...mα). (67)
It is interesting to compare the total mass parameters with the quiver tail. The
mass parameters (md1,1.., md2,1, .., mdr ,1, ..., mdr ,dr) are used to describe the mass de-
formation for the fundamentals, and we have a total of r − 1 mass parameter mα
(One of mα is eliminated by traceless condition), and we have a total of (r − 1)
bi-fundamental matter fields, so the mass parameters match the matter contents of
the quiver gauge theory.
If n−k = 1 for vnα, we need a little bit modification, the Higgs field is (we assume
nr − k = 1 here for an illustration).
Φ(z) =


vn1 +
1
z2
ΛrIn1×n1 0 0 0 0
0 vn2 +
1
z2
ΛrIn2×n2 0 0 0
0 0 ........ 0 0
0 0 0 vnr−1 +
1
z2
ΛrInr−1×nr−1 0
0 0 0 0 −(n−1)
z2
Λr

 dz+...
(68)
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The coefficient Λi is identified with the dynamical scale of ith gauge group SU(ki).
We need to clarify some of the special issues. There are at least r− s− 1 simple
regular singularities which are used to describe the bi-fundamentals between the
SU(N) group. We may have more simple singularities if some of the gauge groups
on the quiver tail is conformal.
If nα−1 −
∑r
i=α−1 di 6= 0, nα −
∑r
i=α di = 0 for some α, one can show that all
gauge groups SU(ki) with r ≥ i ≥ α are conformal, and only α − 1 blocks in the
Higgs field are irregular, we need to add (r − α + 1) more simple singularities to
account for the mass deformation of the bi-fundamental fields; this can also be seen
from the fact that we have more roots for the equation before vN term in F (v, t). If
α = 1 for the above situation, we return to the superconformal case. There is another
justification to add more simple singularities, since we only have α dynamical scale
from the irregular singularity, but we have extra (r−α+1) UV dimensionless gauge
couplings, these can only be represented by the complex structure moduli of the
Riemann surface, so we need to add (r − α + 1) simple regular punctures. We also
lose mass parameters mα for each regular block, these parameters are now encoded
in the simple regular punctures.
What happens if there is a gauge group SU(kβ) which is conformal, but β < α,
where for α,
nα−1 −
r∑
i=α−1
di 6= 0, nα −
r∑
i=α
di = 0. (69)
The above analysis implies that we need an irregular singularity and (r − α + 1)
simple regular singularities to describe the quiver tail. We want to identify UV
gauge couplings for SU(kβ), it is not represented by the complex structure moduli
of the punctured Riemann sphere, it is encoded in the irregular part of the irregular
singularity. The condition for the conformal gauge coupling of SU(kβ) is dβ =
nβ − nβ+1, the number of non-zero entries in irregular part of vnβ and vnβ+1 are
rβ = nβ −
r∑
i=β
dβ,
rβ+1 = nβ+1 −
r∑
i=β+1
dβ. (70)
The conformal condition for SU(kβ) implies rβ = rβ+1. Now the dimensionless
gauge coupling for SU(kβ) is identified with τβ =
Λβ
Λβ+1
=
cβ−1cβ+1
c2β
. This case shows
that we can encode the conformal couplings in the irregular singularity, while in the
canonical treatment of superconformal field theory, the gauge coupling is encoded as
the complex structure moduli of the Riemann surface. Indeed, one can also encode all
the dimensional gauge couplings of the superconformal field theory into the irregular
singularity [13].
The Seiberg-Witten curve has the familiar form
xN = φi(z)x
N−i. (71)
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The big difference with the conformal case is that in our case, not all the dimension
i Coulomb branch parameters are encoded in the coefficient φi. We would like to
check that the base of Hitchin’s fibration matches the dimension of the Coulomb
branch of the gauge theory. Let’s do this for the left quiver tail, in conformal case,
it is described by 1 generic regular singularity and r simple regular singularities, the
total Coulomb branch dimension from these punctures is
1
2
[N2 −
∑
i
r2i + r(2N − 2)], (72)
where ri is the height of the ith column of Young tableaux. We would like to express
it in terms of the rows of the Young tableaux; This can be done by noting that we
have nk − nk+1 columns with height k, and the above formula becomes
1
2
∑
i
n2i +
∑
i<j
ninj − r +
∑
i
(r − i+
1
2
)ni. (73)
In the non-conformal cases, the same dimension is described by a irregular singu-
larity and several simple regular singularities. The spectral curve around the irregular
singularity is (we first assume that there is a total of r irregular blocks in irregular
singularity).
det(x− φ(z)) =
r∏
i
(xni +
f(mi)
z
xni−1 +
u2
z2
xni−2 + ....
(Λi)
ni
zni+1
+
un
zni
). (74)
Expanding the spectral curve as the form (71), and find the maximal order of pole
of φi which do not solely depend on Λ and m, we start with N − n1 < j ≤ N , we
choose the term from n1 factor and constant terms from other factors, the orders of
pole of φj are given by
r∑
i=2
ni + r − 1 + 1,
r−1∑
i=2
ni + r − 1 + 2, ...,
r∑
i=2
ni + r − 1 + nr. (75)
The same analysis can also be carried out for N −
∑k
i=1 ni < j ≤ N −
∑k−1
i=1 ni with
1 ≤ k ≤ r, and φj has the following orders of pole
r∑
i=k+1
ni + r − k,
r∑
i=k+1
ni + r − k + 2, ...,
r∑
i=k+1
ni + r − k + nk. (76)
So the total dimension is
r∑
k=1
[
k−1∑
i=k
ni + r − k +
r∑
i=k+1
ni + r − k + 2 + ....+
r∑
i=k+1
ni + r − k + nk]. (77)
After some calculation, the above expression becomes
1
2
r∑
k=1
n2k +
∑
k<i
nink − r +
r∑
k=1
(r − k +
1
2
)nk. (78)
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This is the same as (73). In the case when the irregular block for the irregular
singularity is less than r, we have extra simple singularities, one can also show that
the dimension of the sum of the irregular singularity and regular singularity matches
(73), see appendix I for details.
In summary, for A type N = 2 quiver gauge theory, the six dimensional de-
scription involves several regular singularities and two irregular singularities. In the
superconformal case, the irregular singularity becomes also the regular singularity
and they are of the special type which is dictated completely by the rank of the
gauge group. In the non-conformal cases, the irregular singularities are determined
by the rank of the gauge group and the number of the fundamentals. They can be
described uniformly.
Similarly, for the non-conformal quiver, one can study different degeneration lim-
its and study different dual frame of the same theory. In the completely degeneration
limit, we can find new theories without conventional lagrangian description.
6 Conclusion
In this paper, we discuss solution of Hitchin’s equation used to describe the general
asymptotical free N = 2 A type quiver gauge theory. The Higgs field has irregular
singularity and we give the explicit description of the singularity. In superconformal
cases, the duality of the gauge theory can be derived by studying different degenera-
tion limits of the Riemann surface on which we define the Hitchin equation, we can
extend this analysis to the asymptotical free case.
There are a lot of open questions deserving further research. For SU(2) theory,
there are famous isolated Argyres-Douglas superconformal field theory. We conjec-
ture that it may be described by a SU(2) Hitchin system with higher order singularity,
It is interesting to check whether this conjecture is true or not.
It is interesting to extend the study of matching Nekrasov partition function in
gauge theory with the conformal block in two dimensional conformal field theory. For
SU(2) cases, this is studied by [39]. Based on the characterization of the singularity,
we can match the information of the singularity to insertion of primary fields or
irregular states. In the case of regular singularity, this is studied in [31]. It is
interesting to describe the irregular states based on the information we describe for
the irregular singularity.
It is shown in [66] that Wilson loop and t’hooft loop of the SU(2) quiver gauge
theory can be classified by studying the non-intersecting curve on punctured Riemann
surface. We hope we can extend this classification to asymptotical free case; The new
feature is that there is a cut around the irregular singularity. It is also interesting to
calculate the expectation value of the Wilson-t’hooft loop operators and the surface
operator using conformal field theories.
We can study four dimensional gauge theory on Ω deformation as in [20–22] , and
derive the twisted superpotential of effective two dimensional theory, this will give
the quantization of integrable system we found in this paper, it is desirable to carry
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this calculation in detail.
Hitchin’s moduli space has a hyperkahler metric, it is definitely giving us a lot of
insights if we can learn about the exact form of the metric (see the discussion in [94]) .
The Hitchin’s moduli space is the Coulomb branch of three dimensional gauge theory
derived by compactifying four dimensional gauge theory on a circle. The metric of
the moduli space plays a central role in proving the wall crossing formula [13, 14].
The irregular singularity we studied in this paper is less well studied in Geometric
Langlands Program [26], it is interesting to see whether those irregular singularities
have special role in the context of Geometric Langlands Program.
In this paper, we only study the canonical Hitchin system representation of four
dimensional N = 2 gauge theory. There are more than one representations for SU(N)
gauge theory with Nf fundamentals even with canonical representation. One would
like to find an way to prove the isomorphism between those different looking Hitchin
moduli space. One way is to attach an graph [93] to each Hitchin’s moduli space,
if the graphs with different Hitchin system are same, we can conclude they describe
the same N = 2 gauge theories. See another way of uniquely describing N = 2 gauge
theory using surface operator [69].
It is interesting to extend the same analysis to four dimensional A type quiver with
Usp and SO gauge group [82, 95, 96]. This involve six dimensional DN (0, 2) theory
compactified on a punctured Riemann surface. It is interesting to learn what type
of regular singularity and irregular singularity are needed to describe conventional
quiver gauge theory with Usp and SO group.
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Appendix I
In this appendix, we will check the dimension of the base to Hitchin’s fibration
matches the Coulomb branch dimension ofAN type quiver with gauge group
∏n
i=1 SU(ki)
with k1 < k2 < ... < kr−1 < kr = ... = ks > ks+1 > ... > kn−1 > kn, here
kr = ...ks = N . The matter contents are the bi-fundamental fields between the adja-
cent gauge group and we add di fundamental hypermultiplets on each quiver node,
di is constrained so that the gauge theory is conformal or asymptotical free.
As we discussed in the main part, the corresponding Hitchin system is defined
on a sphere with r − s regular simple singularities to describe the bi-fundamental
fields between SU(N) gauge group and two irregular singularities and several simple
regular singularities to describe two quiver tails. For the left quiver tails SU(k1) −
SU(k2) − .... − SU(kr), we need a irregular singularity and several regular simple
singularities depending on the number of fundamental hypermultiplets. The same
analysis can be carried out for right quiver tail. For the conformal quiver, the left
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quiver tail is described by r simple singularities and 1 generic regular singularity, the
contribution to the dimension of the base of Hitchin’s fibration from these singular-
ities are
1
2
∑
i
n2i +
∑
i<j
ninj − r +
∑
i
(r − i+
1
2
)ni, (79)
where ni = ki − ki−1 is the partition of the Young tableaux associated with the left
quiver tail.
We want to check that in the non-conformal case with one irregular singularity
and several simple regular singularities, the dimensions from the local moduli spaces
are the same as (79). We have confirmed this in the case with no simple regular
singularity, here we will check it for the case with several simple singularities.
We first calculate the dimension from the irregular singularity. Let’s define a
number for each quiver node:
pi = ni −
r∑
j=i
dj. (80)
There is a number α such that pα = 0 and pα−1 6= 0, and one can show that for any
i > α, we have pi = 0. The Higgs field have the form
Φ(z) =


vn1 0 0 0 0
0 vn2 0 0 0
0 0 ... 0 0
0 0 0 ... 0
0 0 0 0 vnr

 dz + ... (81)
Where vni is of the form (24, 25) with n = ni, k =
∑r
d=i, in the case i ≥ α, we do not
have the irregular part in vni . The mass pattern of the regular part is determined
by the Young tableaux Y
′
with partition [nα, ..., nr].
The spectral curve around the irregular singularity has the decomposition
det(x− φ(z) =
α−1∏
i=1
(xni +
f(mi)
z
xni−1 +
u2
z2
xni−2 + ....
(Λi)
ni
zni+1
+
un
zni
)gα (82)
Where gα(x, z) is given by
gα(x, z) = x
l +
f(m)
z
xl−1 + ...(
fi(m)
zi
+
Ui
zpi
)xl−i + ... (83)
where l =
∑r
i=α ni and pi is determined by Young tableaux Y
′
. The calculation for
the maximal poles for N −
∑α−1
i=1 < j ≤ N is similar to the one we did in the main
text, with the only difference that the constant term from gα contributing an order
of l instead of l + r − α. For N −
∑k
i=1 ni < j ≤ N −
∑k−1
i=1 ni with 1 ≤ k ≤ α − 1,
the orders of pole are
r∑
i=k+1
ni + α− k − 1,
r∑
i=k+1
ni + α− k − 1 + 2, ...,
r∑
i=k+1
ni + α− k − 1 + nk. (84)
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The total dimension for this range of j is
1
2
α−1∑
k=1
n2k +
∑
i<k, i≤α−1
nink +
α−1∑
k=1
(α− 1− k +
1
2
)nk − (α− 1). (85)
For j ≤ N −
∑k
i=1 ni, the order of pole is given by the Young tableaux Y
′
, (this
is similar to the regular pole case), the total dimension is
1
2
r∑
k=α
n2k +
∑
i<k, i>α−1
nink +
r∑
k=α
(α− 1− k +
1
2
)nk. (86)
We also have (r− α+ 1) simple punctures with contribution to Coulomb branch
(r − α + 1)
r∑
k=1
nk − (r − α + 1). (87)
Sum them up, the total dimension from the irregular singularity and simple reg-
ular singularities are
1
2
r∑
k=1
n2k +
∑
k<i
nink − r +
r∑
k=1
(r − k +
1
2
)nk, (88)
which is the same as (79).
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